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TIAN’S PARTIAL C0-ESTIMATE IMPLIES HAMILTON-TIAN’S
CONJECTURE
FENG WANG AND XIAOHUA ZHU∗
Abstract. In this paper, we prove the Hamilton-Tian conjecture for Ka¨hler-Ricci flow based on
a recent work of Liu-Sze´kelyhidi on Tian’s partical C0-estimate for poralized Ka¨hler metrics with
Ricci bounded below. The Yau-Tian-Donaldson conjecture for the existence of Ka¨hler-Einstein
metrics on Fano manifolds will be also discussed.
1. Introduction
Let (M,J, ω0) be a Fano manifold and ωt a solution of normalized Ka¨hler-Ricci flow,
∂ωt
∂t
= −Ric (ωt) + ωt, ω0 ∈ 2πc1(M,J).(1.1)
The Hamilton-Tian conjecture asserts [25]:
Any sequence of (M,ωt) contains a subsequence converging to a length space (M∞, ω∞) in the
Gromov-Hausdorff topology and (M∞, ω∞) is a smooth Ka¨hler-Ricci soliton outside a closed subset
S, called the singular set, of codimension at least 4. Moreover, this subsequence of (M,ωt) converges
locally to the regular part of (M∞, ω∞) in the Cheeger-Gromov topology.
Recall that a Ka¨hler-Ricci soliton on a complex manifold M is a pair (ω, v), where v is a
holomorphic vector field on M and ω is a Ka¨hler metric on M , such that
Ric(ω) − ω = Lvω,(1.2)
where Lv is the Lie derivative along v. If v = 0, the Ka¨hler-Ricci soliton becomes a Ka¨hler-Einstein
metric. The uniqueness theorem in [33] states that a Ka¨hler-Ricci soliton on a compact complex
manifold, if it exists, must be unique modulo auto-morphisms group Aut(M).1 Furthermore, v lies
in the center of Lie algebra of a reductive part of Aut(M).
The Gromov-Hausdorff convergence part in the Hamilton-Tian conjecture follows from Perel-
man’s non-collapsing result and Zhang’s upper volume estimate [40]. More recently, there were
very significant progresses on this conjecture, first by Tian and Zhang in dimension less than 4 [36],
then by Chen-Wang [8] and Bamler [1] in higher dimensions. In fact, Bamler proved a generalized
version of the conjecture.
The purpose of paper is to give a new proof to the Hamilton-Tian conjecture by using a recent
result of Liu-Sze´kelyhidi on Tian’s partical C0-estimate for poralized Ka¨hler metrics with Ricci
bounded below [17]. More precisely, we prove
Theorem 1.1. For any sequence of (M,ωt) of (1.1), there is a subsequence ti → ∞ and a Q-
Fano variety M˜∞ with klt singularities such that ωti is locally C
∞-convergent to a Ka¨hler-Ricci
soliton ω∞ on Reg(M˜∞) in the Cheeger-Gromov topology. Moreover, ω∞ can be extended to a
singular Ka¨hler-Ricci soliton on M˜∞ with a L
∞-bounded Ka¨hler potential ψ∞ and the comple-
tion of (Reg(M˜∞), ω∞) is isometric to the global limit (M∞, ω
′
∞) of ωti in the Gromov-Hausdorff
topology. In addition, if ω∞ is a singular Ka¨hler-Einstein metrics, ψ∞ is continuous and M∞ is
homeomorphic to M˜∞ which has at least 4 Hausdroff codimension of singularities of (M∞, ω
′
∞).
2000 Mathematics Subject Classification. Primary: 53C25; Secondary: 53C55, 58J05, 19L10.
Key words and phrases. Tian’s partial C0-estimate, Hamilton-Tian’s conjecture, Ka¨hler-Ricci flow, Ka¨hler-Ricci
solitons .
* Partially supported by NSFC Grants 11771019 and BJSF Grants Z180004.
1In the case of Ka¨hler-Einstein metrics, this uniqueness theorem is due to Bando-Mabuchi [2].
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Compared to the proofs in the two long papers [8] or [1], our proof of Theorem 1.1 is purely
analytic by using the technique of complex Monge-Ampe`re equation. In particular, we avoid to
use the hard deeply Perelman’s pseudo-locality theorem, which plays a critical role in their papers.
The pseudo-locality theorem was established for the blow-up argument to the Hamilton’s Ricci flow
by Perelman in his celebrated paper [19]. In Theorem 1.1, we also obtain a structure of Q-Fano
variety with klt singularities to the Gromov-Hausdorff limit in the Hamilton-Tian conjecture.
There are many works on Tian’s partial C0-estimate [26, 30, 11, 31, 32, 14, 15, 23, 10], etc. This
estimate has been a powerful tool in solving problems in Ka¨hler geometry. For examples, Tian
proved the Yau-Tian-Donaldson conjecture for the existence of Ka¨hler-Einstein metrics on Fano
manifolds by establishing the partial C0-estimate for conical Ka¨hler-Einstein metrics [31]. Chen,
Donaldson and Sun gave an alternative proof of the conjecture, independently [7]. The conjecture
asserts that a Fano manifold admits a Ka¨hler-Einstein metric if and only if it is K-polystable. Our
proof of Theorem 1.1 also shows that the partial C0-estimate implies Hamilton-Tian’s conjecture.
It is interesting in giving some remarks on the limit M∞ in Theorem 1.1 (also see Proposition
4.14). In general,M∞ could not be smooth as shown recently for some examples from Ka¨hler-Ricci
flow on Fano compactifications of Lie groups [18]. Moreover, even for the smooth case of M∞, the
complex structure of underlying manifold may jump up (cf. [35, 22, 24]). However, to the best
of our knowledge, there are very few references about the uniqueness of M∞ except that M∞ is
a (smooth) Ka¨hler-Einstein manifold [33, 35, 37]. For examples, in a special case that M∞ is a
smooth manifold with a Ka¨hler-Ricci soliton (but not a Ka¨hler-Einstein metric) and a different
complex structure toM , it is still unknown whether M∞ depends on a sequence of evolved metrics
or an initial metric of Ka¨hler-Ricci flow.
As an application of Theorem 1.1, we give an approach of Yau-Tian-Donaldson conjecture by
using Ka¨hler-Ricci flow.
Corollary 1.2. Let M be a K-polystable Fano manifold. Suppose that the Mabuchi K-energy is
bounded below. Then (M,ωt) in (1.1) converges to a Ka¨hler-Einstein metric in C
∞-topology after
holomorphisms transformation. In particular, M admits a Ka¨hler-Einstein metric.
By work of Li-Sun [17], the K-semistability is equivalent to the lower bound of K-energy.
However, their proof shall depend on the proof of Yau-Tian-Donaldson’s conjecture in [31] or [7].
Thus if there is a proof of Ka¨hler-Ricci flow for Li-Sun’s result, Corollary 1.2 will give a proof of
Yau-Tian-Donaldson conjecture by Ka¨hler-Ricci flow.
The paper is organized as follows. In Section 2, we first recall Liu-Sze´kelyhidi’s results on Tian’s
partical C0-estimate (cf. Theorem 2.2 and Theorem 2.3), then we apply them to the evolved
metrics ωt of (1.1) to get a metrics comparison to the induced metrics by the Fubini-Study metric
(cf. Proposition 2.7 and Proposition 2.8). Section 3 is devoted to get a local higher regularity for
Ka¨hler potentials (cf. Proposition 3.2). Theorem 1.1 and Corollary 1.2 will be proved in Section
4.
Acknowledgements.We would like to thank professor Gang Tian for inspiring conversations.
2. Partial C0-estimate
2.1. Liu-Sze´kelyhidi’s work. Let (M,L, ω) be a polarized manifold such that ω is a Ka¨hler
metric in 2πc1(L). Choose a hermitian metric h on L such that R(h) = ω. Then for any positive
integer l, we have the L2-metric on H0(M,Ll, ω):
(s1, s2) =
ˆ
M
〈s1, s2〉h⊗lωn,(2.1)
for s1, s2 ∈ H0(M,L⊗l).
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Definition 2.1. We denote this linear space H0(M,Ll, ω) with inner product by (2.1). For any
orthonormal basis {sα} (0 ≤ α ≤ N = N(l)) of H0(M,Ll, ω), we define the Bergman kernel as
ρl(M,ω)(x) = Σ
N
i=0 |sα|2h⊗l(x), ∀ x ∈M.(2.2)
Recently, Liu-Sze´kelyhidi proved the following in [17],
Theorem 2.2. Given n,D, v > 0, there is a positive integer l and a real number b > 0 with the
following property: Suppose that (M,L, ω) is a polarized Ka¨hler manifold with ω ∈ 2πc1(L) such
that
Ric (ω) ≥ ω, vol(M,ω) ≥ v, diam(M,ω) ≤ D.
Then for any x ∈M it holds,
ρl(M,ω)(x) ≥ b.(2.3)
Such an inequality (2.3) was called the partial C0-estimate by Tian [26, 27, 28, 30]. The upper
bound of ρl(M,ω) can be also obtained by using the standard Moser iteration (for examples, see
[15, Lemma 3.2]). By (2.3), we can write ω as a metric with bounded Ka¨hler potential using the
Fubini-Study metric as the background metric. In fact, if the orthonormal basis {sα} (0 ≤ α ≤ N)
defines an embedding Φ, then we have
ω = Φ∗(
1
l
ωFS)− 1
l
√−1∂∂¯ log ρl(M,ω).
By the gradient estimate of sα (cf. [27, 11, 32]) and the lower bound (2.3) of ρl(M,ω), it holds
that
Φ∗(
1
l
ωFS) ≤ C(n,D, v)ω.(2.4)
In fact, we have
Φ∗(ωFS) =
√−1
∑N
α=0〈∇sα,∇sα〉
ρl(M,ω)
−√−1(
∑N
α=0〈∇sα, sα〉)(
∑N
α=0〈sα,∇sα〉)
ρ2l (M,ω)
.
Based on the partial C0-estimate, Liu-Sze´kelyhidi also proved [17],
Theorem 2.3. Given n, d, v > 0, let (Mni , Li, ωi) be a sequence of polarized Ka¨hler manifolds such
that
• Li is a Hermitian holomorphic line bundle with hermitian metric hi such that R(hi) = ωi;
• Ric(ωi) ≥ −ωi and
vol(Mi, ωi) > v, diam(Mi, ωi) < d;(2.5)
• The sequence (Mni , ωi) converges to a limit metric space (X, d∞) in the Gromov-Hausdorff
topology.
Then X is homeomorphic to a normal variety. More precisely, there is a positive integer l =
l(n, d, v) such that the orthonormal basis of H0(Mi, L
l
i, ωi) defines an embedding Φ¯i, and Φ¯i(Mi)
( perhaps replaced by taking a subsequence) converges to a normal variety W in CPN as cycles,
which is homeomorphic to X.
Remark 2.4. According to the proof of Theorem 2.3 [17], the limit Φ¯∞ of maps Φ¯i actually gives
a homeomorphism from X to W .
We can choose the same positive integer in the above two theorems.
Applying Liu-Sze´kelyhidi’s result, Theorem 2.2 to the Ka¨hler metrics evolved in (1.1), Zhang
proved very recently in [41],
Proposition 2.5. Assume that (M,ωt) is the solution of (1.1). Then there exists a positive integer
l = l(M,ω0) and a positive real number b = b(M,ω0) such that ρl(M,ωt)(x) ≥ b for any x ∈M .
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By Proposition 2.5, one can define a holomorphic map Φt :M → CPN by an orthonormal basis
of H0(M,K−lM , ωt) for any t ∈ (0,∞). In the following, we apply Theorem 2.3 to get a normal
variety structure for the limit of images Φt(M) in CP
N in sense of algebraic geometry.
2.2. Partial C0-estimate for Ka¨hler-Ricci flow. Let ωt = ω0 +
√−1∂∂¯φt be the solution of
(1.1). Then
Ric (ωt)− ωt =
√−1∂∂¯(−φ˙t).
The following estimates are due to G. Perelman. We refer the reader to [21] for their proof.
Lemma 2.6. There are constants c > 0 and C > 0 depending only on the initial metric ω0 such
that the following is true:
1) diam(M,ωt) ≤ C, vol(Br(p), ωt) ≥ cr2n;
2) For any t ∈ (0,∞), there is a constant ct such that ht = −φ˙t + ct satisfies
‖ht‖C0(M) ≤ C, ‖∇ht‖ωt ≤ C, ‖∆ht‖C0(M) ≤ C.(2.6)
Proposition 2.7. Given any sequence ti →∞, there is a subsequence, which is still denoted as ti,
such that the embedding of M by an orthonormal basis {sαti} of H0(M,K−lM , ωti) in CPN converges
to a normal variety M˜∞.
Proof. As in [41], we let ηt be a solution of
Ric (ηt) = ωt.(2.7)
Writing ηt = ωt +
√−1∂∂¯κt, we have
(ωt +
√−1∂∂¯κt)n = ehtωnt , sup
M
κt = 0,(2.8)
where ht is the Ricci potential of ωt chosen as in Lemma 2.6. By the Yau’s solution to Calabi’s
problem [38], (2.8) can be solved. Moreover, since
‖ht‖C0(M) ≤ C,(2.9)
by the moser iteration (cf. [33]) together with Zhang’s Sobolev inequality [39],
|κt| ≤ C(‖ht‖C0(M), ω0) ≤ A.(2.10)
By Lemma 2.6-2), it has been verified by Zhang in [41] that (2.5) is satisfied for metrics ηt.
Then applying Theorem 2.3, there is a positive integer l such that each orthonormal basis {s¯αti}
of H0(M,K−lM , ηti) defines an embedding Φ¯i : M → CPN . By choosing a subsequence ti → ∞
if necessary, Φ¯i(M) converges to W which is a normal variety. On the other hand, by (2.9) and
(2.10), if we let {sαti} (0 ≤ α ≤ N(l)) be the orthonormal basis of H0(M,K−lM , ωti), there is an
invertible matrix A(ti) = [a
β
α(t)] such that s
β
ti = a
β
α(ti)s¯
α
ti and
‖A(ti)‖ ≤ C, ‖A−1(ti)‖ ≤ C,(2.11)
where C > 0 is a uniform constant. Thus by taking a subsequence, we have A(ti) → A ∈
SL(N + 1;C). Hence, the embedding by {sαti} converges to A ◦W = M˜∞. The proposition is
proved. 
We note by (2.9) and (2.11) that there is also a partial C0-estimate for the metrics ωti as in
Proposition 2.5. Namely,
ρl(M,ωi)(x) = Σ
N
i=0 |sαti |2h⊗l(x) ≥ c0ΣNi=0 |s¯αti |2h⊗l(x)
= c0ρi(M, ηi)(x) ≥ c′0 > 0.(2.12)
Denoting the embedding of {sαti} by Φi, we have M˜i = Φi(M) converging to a normal variety M˜∞
by Proposition 2.7. Thus
ωti = (Φi)
∗(
1
l
ωFS)−
√−1∂∂¯φi,(2.13)
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where φi =
1
l log ρl(M,ωi) and it satisfies
| logφi| ≤ C.(2.14)
Moreover, by the gradient estimate for sαti [15, Lemma 3.1],
‖∇sαti‖ωti ≤ C(‖hti‖C0(M), Cs, n)l
n
2
+1,(2.15)
where Cs is the Sobolev constant of (M,ωti), which is uniformly controlled [39]. Thus as in (2.4),
we have
1
l
ωFS |M˜i ≤ C(Φ−1i )∗ωti .(2.16)
Next we want to extend the relations (2.14) and (2.16) for any metrics ωti+s, where s ∈ [−1, 1].
Let {sαti+s} be an orthonormal basis of H0(M,K−lM , ωti+s) which gives a Kodaira embedding Φsi :
M → CPN . We show
Proposition 2.8. For any s ∈ [−1, 1], it holds
1
l
ωFS |M˜i ≤ C((Φsi )−1)∗ωti+s.(2.17)
Moreover, we can write
(Φ−1i )
∗ωti+s =
1
l
ωFS |M˜i +
√−1∂∂¯ψsi ,(2.18)
where ψsi is uniformly bounded independently of i and s.
Proof. First we assume s ∈ [0, 1]. Denoting ωti+s = ωti +
√−1∂∂¯φs, we have
∂φs
∂s
= log
(ωti +
√−1∂∂¯φs)n
ωnti
+ φs − hti , φs=0 = 0.(2.19)
Taking the derivative at s, we get
d
ds
φ˙s = ∆ωti+s φ˙s + φ˙s, s ∈ [0, 1].
Thus by the maximum principle,
|φs| ≤ C, |φ˙s| ≤ C.(2.20)
As a consequence,
| log (ωti +
√−1∂∂¯φs)n
ωnti
| ≤ C, ∀ s ∈ [0, 1],(2.21)
which means the volume elements are equivalent between ωti+s and ωti . Hence, as in the proof of
Proposition 2.7, there is an invertible matrix A(s) = [aβα(ti + s)] such that s
β
ti+s = a
β
α(ti + s)s
α
ti
and
‖A(s)‖ ≤ C, ‖A−1(s)‖ ≤ C.(2.22)
where C > 0 is a uniform constant independent of i, s. Therefore, there is a uniform constant c > 0
such that
c−1ωFS |M˜i ≤ (Φsi · Φ−1i )∗ωFS ≤ cωFS |M˜i .(2.23)
By (2.20) and (2.21), similar to (2.14), we also have the partial C0-estimate for metrics ωti+s
and
| log ρl(M,ωti+s)| ≤ A0.(2.24)
Note that as in (2.15) each section sαti+s satisfies
‖∇sαti+s‖h ≤ C(‖hti+s‖C0(M), Cs, n)l
n
2
+1.(2.25)
Thus we have an analogy of (2.16),
1
l
ωFS |Φsi (M) ≤ C((Φsi )−1)∗ωti+s.(2.26)
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Combining this with (2.23), we derive (2.17).
It is easy to see that
ψsi = log
ΣNi=0|sαti+s|2
ΣNi=0 |s¯αti |2
− log ρl(M,ωti+s)(Φ−1i (·)).(2.27)
Then by (2.22) and (2.24) together with (2.11), we get
|ψsi | ≤ C.(2.28)
Next we consider s ∈ [−1, 0]. Then we rewrite (2.19) as
∂φs′
∂s′
= log
(ωti−1 +
√−1∂∂¯φs′)n
ωnti−1
+ φs′ − hti−1, φs′=0 = 0, s′ ∈ [0, 1].(2.29)
Thus (2.20) still holds. Henc we can follows the argument in the case for s ∈ [0, 1] to get (2.28).

3. Local higher Ck,α-estimate
In this section, we derive locally higher Ck,α-estimate for ψsi in Proposition 2.8. Let’s choose
an exhausting open sets Ωγ ⊂ M˜∞. Then by Proposition 2.7, there are diffeomorphisms Ψiγ :
Ωγ → M˜i such that the curvature of ωFS |Ω˜iγ is C
k-uniformly bounded independently of i , where
Ω˜iγ = Ψ
i
γ(Ωγ).
For simplicity, we let ω˜i =
1
l ωFS |M˜i . Then by (2.18), we have
(Φ−1i )
∗ωti+s = ω˜i +
√−1∂∂¯ψsi , in M˜i, ∀s ∈ [−1, 1].
Lemma 3.1. There exist constants A,Cγ , Aγ such that for s ∈ [−1, 1],
|ψsi | ≤ A, in M˜i,(3.1)
C−1γ ω˜i ≤ (Φ−1i )∗ωti+s ≤ Cγ ω˜i, in Ω˜iγ ,(3.2)
‖ψsi ‖C3,α(Ω˜iγ ) ≤ Aγ .(3.3)
Proof. Let h˜i be a Ricci potential of ω˜i. Then ψ
s
i satisfies the complex Monge-Ampe`re equation,
(ω˜i +
√−1∂∂¯ψsi )n = e−ψ
s
i+h˜i−h
s
i ω˜ni , in M˜i,(3.4)
where hsi = hti+s ◦ Φ−1i is the Ricci potential of (Φ−1i )∗ωti+s, which is uniformly bounded by
Lemma 2.6. Thus by (2.16), we get (3.2). On the other hand, by
∆ωti+sh
s
i = Rti+s − n,
we have
|∆ω˜ihsi | ≤ C, in Ω˜iγ .
It follows that
‖hsi‖C1,α(Ω′) ≤ Cγ(d(Ω′)), ∀ Ω′ ⊂⊂ Ω˜iγ ,(3.5)
where d(Ω′) = dist(Ω′, Ω˜iγ). Hence, the regularity of (3.4) implies that
‖ψsi ‖C3,β(Ω′) ≤ Cγ(d(Ω′)).
Since we may replace Ω˜iγ by some bigger set Ω˜
i
γ′ , we get (3.3). 
We need to improve (3.3) in Lemma 3.1 to
Proposition 3.2. For any k and Ω′ ⊂ Ω˜iγ, it holds
‖ψsi ‖Ck,α(Ω′) ≤ Aγ(d(Ω′), k), ∀ s ∈ [−
1
2
, 1].
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Proof. As above, we denote the Ricci potential of ω˜i by h˜i. Then it is easy to see that ψ
s
i satisfies
ψ˙si = log
(ωi +
√−1∂∂¯ψsi )n
ω˜ni
+ ψsi − h˜i, ∀ (x, s) ∈ M˜i × [−1, 1].(3.6)
It follows that
d
ds
ψ˙si = ∆ωsi ψ˙
s
i + ψ˙
s
i .(3.7)
Now we consider the restricted flow of (3.6),
ψ˙si = log(
(ω˜i +
√−1∂∂¯ψsi )n
ω˜ni
) + ψsi + h˜i, ∀ (x, s) ∈ Ω˜iγ × [−1, 1],(3.8)
where ω˜i is uniformly C
k-bounded metric on Ω˜iγ and ψ
s
i satisfies (3.3). We claim that for Ω
′ ⊂⊂ Ωiγ :
‖ψ˙si ‖C3,α(Ω′) ≤ C3(γ, d(Ω′))(3.9)
and
‖ψsi ‖C5,α(Ω′) ≤ C5(γ,Ω′), ∀ s ∈ [−
1
2
, 1].(3.10)
From (3.5), we have
‖ψ˙si ‖C1,α(Ω˜iγ) ≤ C2(γ).
By (3.3), we see that the coefficient of ∆ωs
i
is uniformly C1,α-bounded. Then applying the regularity
for the uniformly parabolic equation (3.7) in Ω˜iγ× [−12 , 1], we get (3.9). Thus we can regarded (3.8)
as a complex Monge-Ampe`re equation with uniformly C3,α-bounded right term f such that
(ω˜i +
√−1∂∂¯ψsi )n
ω˜ni
= eψ˙
s
i−ψ
s
i−h˜i = f, in Ω˜iγ .
By the regularity for the uniformly elliptic equation, we also obtain (3.10) immediately.
Repeating the above argument, we will prove Proposition 3.2.

Since Ψ∗i ω˜i is locally uniformly C
k-convergent to ω˜∞, the Ricci potential h˜i of ω˜i converges
to a smooth function h˜∞ on reg(M˜∞). On the other hand, by taking a diagonal subsequence of
ψsi (Ψγ)|Ωγ in Proposition 3.2 for any s ∈ [− 12 , 1], we get a smooth function ψ∞ on reg(M˜∞). Thus
by the equation (3.6), the Ricci potential ψ˙si of ωti+s is also converges to a smooth limit function
h∞ on reg(M˜∞). Moreover, h∞ is uniformly bounded in M˜∞. Hence, we get
Corollary 3.3. ψ∞ satisfies the following complex Monge-Ampe`re equation in reg(M˜∞),
(ω˜∞ +
√−1∂∂¯ψ∞)n = eh˜∞−ψ∞−h∞ω˜n∞.(3.11)
Next section, we will show that (ω∞ +
√−1∂∂¯ψ∞) is a Ka¨hler-Ricci soliton on reg(M˜∞) by
using the monotonicity of Perelman’s entropy λ(·) [19].
4. Proof of Theorem 1.1 of Corollary 1.2
Perelman’s entropy λ(·) is based on his W-functional [19]. In our case, for ωg ∈ 2πc1(M,J),
W-functional can be expressed as (cf. [37]),
W(g, f) = (2π)−n
ˆ
M
(R+ |∇f |2 + f)e−fωng ,
where R(g) is a scalar curvature of g and (g, f) satisfies a normalization condition
(4.1)
ˆ
M
e−fωng =
ˆ
M
(2πc1(M))
n = V.
Then λ(g) is defined by
λ(g) = inf
f
{W(g, f)| (g, f) satisfies (4.1)}.
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It is well-known that λ(g) can be attained by some smooth function f (cf. [20]). In fact, such
a f satisfies the Euler-Lagrange equation of W(g, ·),
(4.2) △f + f + 1
2
(R− |∇f |2) = (2π)nV −1λ(g).
Following Perelman’s computation in [19], we can deduce the first variation of λ(g),
(4.3) δλ(g) = −(2π)−m/2
ˆ
M
< δg,Ric(g)− g +∇2f > e−fωng ,
where Ric(g) denotes the Ricci tensor of g and ∇2f is the Hessian of f . Hence, g is a critical point
of λ(·) in 2πc1(M,J) if and only if g is a gradient shrinking Ka¨hler-Ricci soliton which satisfies
(4.4) Ric(ωg) +
√−1∂∂¯f = ωg, ∂∂f = 0,
where f is a minimizer of W(g, ·). Namely, ω satisfies (1.2) with the holomorphic vector field
v = gij¯(−f)z¯j ∂
∂zi
.
Denote the minimizer of evolved metric gt in (1.1) by ft. Then by (4.3), we get
dλ(gt)
dt
=
ˆ
M
(|∂∂¯(ht + ft)|2 + |∂∂ft|2)ωngt .(4.5)
In particular, λ(gt) =W(gt, ft) is non-decreasing.
The following lemma is due to [37, Theorem 7.1].
Lemma 4.1. There is a uniform constant C such that
‖ft‖C0 + ‖∇ft‖ωt + ‖△ωtft‖C0 ≤ C, ∀ t > 0.(4.6)
We note that (4.2) is equivalent to
(4.7) ∆vt − 1
2
ftvt − 1
4
R(gt)vt =
1
2V
(2π)nλ(gt)vt,
where vt = e
−ft
2 . Consider the restricted equation of (4.7) on each Ω˜iγ for metrics ωti+s in Propo-
sition 3.2. Then by Lemma 4.1 and Proposition 3.2, we get the higher order estimate for fti+s,
‖fti+s‖Ck,α(Ω′) ≤ Aγ(d(Ω′), k), ∀ s ∈ [
1
2
, 1].(4.8)
Lemma 4.2. There is a sequence of si ∈ [ 12 , 1] such that ((Φi · Ψiγ)−1)∗ωti+si converges to a
Ka¨hler-Ricci soliton ω∞ on reg(M˜∞) in C
∞-topology.
Proof. Since λ(gt) is uniformly bounded, by (4.5), it is easy to see that there is a sequence of
si ∈ [ 12 , 1] such thatˆ
M
(|∂∂¯(hti+si − fti+si)|2 + |∂∂fti+si |2)dv → 0, as i→∞.
By the regularities in Proposition 3.2 and (4.8), we may assume that fti+si converges a smooth
function f∞ on reg(M˜∞) while hti+si converges to h∞ as in Corollary 3.3. Thus we get
f∞ = −h∞ + const., ∂∂f∞ = 0, on reg(M˜∞).(4.9)
The second relation implies that
v = gij¯∞(h∞)z¯j
∂
∂zi
(4.10)
is a holomorphic vector field on reg(M˜∞). Moreover,
Ric(ω∞)− ω∞ =
√−1∂∂¯h∞ = Lv(ω∞),(4.11)
where ω∞ = ω˜∞ +
√−1∂∂¯ψ∞ and ψ∞ is the limit of ψsii as in Corollary 3.3. Hence, ω∞ is a
Ka¨hler-Ricci soliton on reg(M˜∞).

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For a L∞-solution ψ∞ of (3.11) as in Corollary 3.3, we can regard it as a global Ka¨hler potential
in M˜∞ by ˆ
M˜∞
(ω˜∞ +
√−1∂∂¯ψ∞)n =
ˆ
Reg(M˜∞)
(ω˜∞ +
√−1∂∂¯ψ∞)n
=
ˆ
Mˆ∞
(π∗(ω˜∞) +
√−1∂∂¯ψ∞(π))n,
where π : Mˆ∞ → M˜∞ is a resolution of M˜∞. By choosing a sequence of deceasing smooth functions
ψi → ψ∞(π) on Mˆ∞, we see thatˆ
M˜∞
(ω˜∞ +
√−1∂∂¯ψ∞)n
= lim
i
ˆ
Mˆ∞
(π∗(ω˜∞) +
√−1∂∂¯ψi)n =
ˆ
M˜∞
ω˜n∞.(4.12)
Thus ψ∞ has full mass [4].
Proposition 4.3. The normal variety M˜∞ ⊂ CPN in Proposition 2.7 is Q-Fano with klt- singu-
larities and the L∞-solution ψ∞ of (3.11) in Corollary 3.3 has full mass withˆ
M˜∞
(ω˜∞ +
√−1∂∂¯φ)n =
ˆ
M
ωn0 = V.(4.13)
Proof. By (3.11) and (4.11), it is easy to see that
Ric(ω˜∞)− ω˜∞ =
√−1∂∂¯h˜∞, in reg(M˜∞).(4.14)
Moreover, by a result of Ding-Tian [12], h˜∞ ∈ L3(M˜∞). Since ψ∞ is uniformly bounded on
reg(M˜∞),
ω∞ = ω˜∞ +
√−1∂∂¯ψ∞
can be regarded as a global current and Monge-Ampe`re measure ωn∞ is well-defined on M˜∞. Thus
(4.14) holds for ω˜∞ on M˜∞ as a current. This means that K
−l
M˜∞
is a restriction of the line bundle
OCPN (1). Thus M˜∞ is a Q-Fano variety. In particular, (4.13) holds by (4.12).
It remains to show that M˜∞ has klt- singularities. Let θ˜v and θv be the potentials of v in (4.10)
associated to metrics ω˜∞ and ω∞, respectively. Then
θ˜v = θv − v(ψ∞) = h∞ − v(ψ∞), in reg(M˜∞),
where ψ∞ is the solution of (3.11). On the other hand, by (2.15), we have
‖∇ρl(M,ωi)‖ωi ≤ C.
It follows that
|∇ψ∞|ω∞ ≤ C.
By the gradient estimate of ht in (2.6), we also have
|∇h∞|ω∞ ≤ C.
Hence,
|v(ψ∞)| ≤ |∇ψ∞|
1
2
ω∞ |∇h∞|
1
2
ω∞ ≤ C,(4.15)
and so,
|θ˜v| ≤ C.(4.16)
By (4.15) and (4.16), we can use an argument in [4, Proposition 3.8] to conclude that a Q-Fano
variety, on which there is a current solution of (4.14 ) with full mass has klt singularities. In
particular, eh˜∞ ∈ Lp(M˜∞, ω˜∞), for some p > 1.

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Since
eh˜∞−ψ∞−h∞ω˜n∞
is a Lebsegue measure, (π∗(ω˜∞) +
√−1∂∂¯ψ∞(π))n can be extended to a global complex Monge-
Ampe`re measure on Mˆ∞ such that
(π∗(ω˜∞) +
√−1∂∂¯ψ∞(π))n = e(h˜∞−ψ∞−h∞)(π)(π∗(ω˜∞))n = ef ωˆn,
where ωˆ is a smooth Ka¨hler metric and ef is a Lp-function (p > 1) on Mˆ∞, respectively. By a
result in [13] (also see [4, Lemma 3.6]), we conclude that ψ∞(π) is a continuous function on Mˆ∞.
Thus ψ∞ a continuous function on M˜∞. In subsection 4.2 below, we will give an alternative proof
for the continuity of ψ∞ in case of v = 0.
The following shows that the vector field v in (4.10) can be extended to a holomorphic vector
field in CPN .
Lemma 4.4. The vector field v in (4.10) can be extended to a holomorphic vector field in CPN .
Proof. This is in fact an application of Hartog’s extension theorem as done in [31]. For simplicity,
we let S = Sing(M˜∞) and denote Tǫ(S) to be an ǫ-neighborhood of S in CPN . Then there are
finitely many open subsets V1, ..., Vk of CP
N which covers Tǫ(S) so that each Vi is isometric to a
ball in CN .
Let {sαti} be a sequence of orthonormal bases of H0(M,K−lM , ωti). Since |sαti |h(ωti )⊗l is uniformly
bounded, by Proposition 3.2 and (2.15), it is easy to see that each sαti converges to a holomorphic
section sα∞ of K
−l
Reg(M˜∞)
. In fact, {sα∞} becomes an orthonormal basis of H0((M˜∞,K−lReg(M˜∞)) by
(4.42) (to see Remark 4.10 below). Namely,
(sα∞, s
β
∞) =
ˆ
Reg(M˜∞)
< sα∞, s
β
∞ >H∞ ω
n
∞ = δ
β
α,
where H∞ is the induced Hermitian metric by ω∞ on K
−l
Reg(M˜∞)
. Moreover, by the partial C0-
estimate (2.12), we have
ρl(M˜∞, ω∞)(x) = Σ
N
i=0 |sα∞|2H∞(x) ≥ A0 > 0, ∀ x ∈ Reg(M˜∞).(4.17)
Thus for each i, there is a section σi in H
0(Reg(M˜∞),K
−l
Reg(M˜∞)
) such that
c ≤ |σi|H∞ ≤ c−1, on M˜∞ ∩ Vi
for some c > 0 independent of i.
Let Y be the imaginary part of v . We integrate Y to get a family of biholomorphic maps φ(t)
from a neighborhood of M˜∞ \ Tǫ(S) into M˜∞ \ S, where |t| ≤ δ for some δ = δ(ǫ) > 0. Note that
φ(0) = I. Since Y is a Killing field by (4.11), whenever φ(t) is well-defined, it is an isometry of H∞
on K−l
Reg(M˜∞)
. Given any σ ∈ H0(Reg(M˜∞),K−lReg(M˜∞)), φ
∗
t (σ) is a bounded holomorphic section
of K−l
Reg(M˜∞)
over M˜∞ \Tǫ(S). If E is any subspace of CPN of complex dimension N −n+2 with
(at most ) finite intersections with S, then ME = M˜∞ ∩E is a complex normal variety of complex
dimension 2 andME∩Tǫ(S) is compact. For each i, fi = φ
∗
t (σi)
σi
is a bounded holomorphic function
on (M˜∞ \ Tǫ(S)) ∩ Vi, so by Hartog’s extension theorem, fi extends to a bounded holomorphic
function onME∩Vi. It follows that φ∗t (σi) extends to a bounded holomorphic section of K−ℓReg(M˜∞)
over ME ∩ Tǫ(S). Since E is arbitrary, we can easily deduce that φ∗t (σi) extends to M˜∞ ∩ Tǫ(S).
Thus φt lifts to an isomorphism of H
0(Reg(M˜∞),K
−l
Reg(M˜∞)
), or equivalently, φt is the restriction
of an automorphism in G = SL(N + 1,C). Differentiating φt on t, we see that Y , consequently, v
extends a holomorphic vector field on CPN .

By Proposition 4.3 and Lemma 4.4, we introduce
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Definition 4.5. Let (X,ω0) ⊂ CPN be Q-Fano variety with klt-singularities and v be a holomor-
phic vector field on CPN which is tangent to X. A current
ω = ω0 +
√−1∂∂¯ϕ ∈ [ω0] = 2πc1(X)
is called a singular Ka¨hler-Ricci soliton with respect to v on X if ω is smooth on Reg(X) with L∞
Ka¨hler potential ϕ on X such that it satisfies Ka¨hler-Ricci soliton equation on X as a current,
Ric(ω)− ω = √−1∂∂¯θv = Lvω,(4.18)
where θv is a bounded real potential of v associated to ω.
Since v(ϕ) is uniformly bounded in Reg(X), one sees that (4.18) is equivalent to a complex
Monge-Ampe`re equation,
(ω0 +
√−1∂∂¯ϕ)n = eh0−θ0−v(ϕ)−ϕωn0 ,(4.19)
where θ0 is a bounded potential of v associated to ω0 and h0 is a Ricci potential of ω0. By a result
of Berndtsson [5] (also see [4]), the uniqueness theorem of Tian-Zhu [33] for Ka¨hler-Ricci solitons
can be generalized to Q-Fano varieties with klt-singularities. Namely, if there are two solutions ω
and ωˆ of (4.18), then there exists an element σ ∈ Autr(M˜∞) such that
ωˆ = σ∗ω,
where Autr(M˜∞) is the reductive subgroup of Aut(M˜∞).
4.1. Singular structure of (X, d∞). In this subsection, we study the singular structure of
Gromov-Hausdroff limit (X, d∞) of sequence of Ka¨hler metrics ηt on M in (2.7). First we have
Lemma 4.6. Let {i} be the sequence in Proposition 2.8. Then there is a uniform constant C′γ
which depends only on γ such that
(C′γ)
−1ω˜i ≤ (Φ−1i )∗ηti ≤ C′γ ω˜i, in Ω˜iγ .(4.20)
Proof. By (2.8) and (3.4), we have
ηnti = (ω˜i +
√−1∂∂¯(κti + ψ0i ))n = eh˜i−ψ
0
i ω˜ni , in Ω˜
i
γ .(4.21)
By the gradient estimate of s¯αti and the lower bound of ρl(M, ηti) together with (2.11), we know
that
(Φ−1i )
∗ηti ≤ Cω˜i.(4.22)
Thus by (4.21) and the relation (2.28), we also get
C−1γ ω˜i ≤ (Φ−1i )∗ηti , in Ω˜iγ .

By Proposition 3.2, there is a subsequence of ψ0i (still denoted by the same) such that
ψ0i ((ΦiΨ
i
γ)
−1)→ ψ0∞, on Reg(M˜∞),(4.23)
in local C∞-topology as i, γ →∞, where ψ0∞ is smooth uniformly bounded on Reg(M˜∞). On the
other hand, by Lemma 4.6, we can apply the regularity for uniformly elliptic equations to (4.21)
to see that
‖(κti + ψ0i )‖Ck,α(Ω′) ≤ Cγ(d(Ω′), k), ∀ k,Ω′ ⊂ Ω˜iγ .
Thus there is a subsequence of κti (still denoted by the same) such that
κti → κ∞ on Reg(M˜∞)(4.24)
in local C∞-topology as i→∞, and (κ∞ + ψ0∞) satisfies complex Monge-Ampe`re equation,
ηn∞ = (ω˜∞ +
√−1∂∂¯(κ∞ + ψ0∞))n = eh˜∞−ψ
0
∞ω˜n∞. Reg(M˜∞).(4.25)
Moreover, by (2.10), (κ∞ + ψ
0
∞) can be extended to a L
∞-solution on M˜∞.
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The following proposition improves the regularity of limit (X, d∞) in Theorem 2.3 for the se-
quence {ηi}.
Proposition 4.7. Let ηti be a subsequence of Ka¨hler metrics on M as in (4.20) and (X, d∞)
the Gromov-Hausdroff limit of ηti as in Theorem 2.3. Then the completion (Reg(M˜∞), η∞) of
(Reg(M˜∞), η∞) is isometric to (X, d∞). Moreover, X is homeomorphic to M˜∞ and
codim(Sing(X, d∞)) ≥ 4.(4.26)
Proof. Since (κ∞ + ψ
0
∞) is a L
∞ Ka¨hler potential on M˜∞ as ψ∞ in Proposition 4.3, as in (4.13),
we have ˆ
M˜∞
ηn∞ =
ˆ
M
ωn0 = V.
Namely, ψ0∞ has full mass. Thus by (4.23) and (4.24), we obtainˆ
(Φ−1i Ψ
i
γ)(Ωγ)
ηnti → V, as i, γ →∞.(4.27)
Note that (Reg(M˜∞), η∞) is an open set of smooth part of the Gromov-Hausdroff limit (X, d∞)
of (M, ηti). Then by taking any Cauchy sequence in Reg(M˜∞, η∞) one can complete it so that its
completion Reg(M˜∞, η∞) is a subset of (X, d∞). Suppose that
Reg(M˜∞, η∞) ⊂⊂ (X, d∞),(4.28)
which means that there is an open set U ⊂ (X, d∞) such that
U ∩Reg(M˜∞, η∞) = ∅.
It follows that there is a sequence of r-geodesic balls Br(ωti) ⊂ (M,ωti) which converges to an
open set V ⊂ U in Gromov-Hausdroff topology. Thus for any fixed γ, there is an iγ such that
(Φ−1i Ψ
i
γ)(Ωγ) ⊂ M˜i \Br(ωti), ∀ i ≥ iγ .
Hence, by (4.27), we derive
lim
i
ˆ
M˜i\Br(ωti )
ηnti = V.(4.29)
On the other hand, by Zhang’s result [41],
volηti (Br(ηti)) ≥ cr2n,
which implies that
volηti (M˜i \Br(ηti)) ≤ V − cr2n.
But this is a contradiction with (4.29)! Therefore, it must be
Reg(M˜∞, η∞) = (X, d∞).(4.30)
X is homeomorphic to M˜∞ by Theorem 2.3 (also see Remark 2.4). In fact, as in the of Proposi-
tion 2.7, the Kodaira embedding Φ¯i of M given by the orthonormal basis {s¯αti} of H0(M,K−lM , ηti)
are uniformly Lipschitz by the gradient estimate of s¯αti as in (2.15). Thus we have a limit map Φ¯∞
which gives a homeomorphism from (X, d∞) to (M˜∞, ω˜∞).
We are left to prove (4.26). Denote the regular part of (X, d∞) by R which consists of points
with flat tangent cones [9]. We claim that
Φ¯∞(R) = Reg(M˜∞).(4.31)
By Proposition 2.4 in [17], for any point x ∈ R, there is a neighborhood Ux around x such that
the image Φ¯∞(Ux) ⊂ Reg(M˜∞). In particular, we get Φ¯∞(x) ∈ Reg(M˜∞). On the other hand,
for any p ∈ Reg(M˜∞), choose a small convex ball Br(p, η∞) inside the open Riemannian manifold
(Reg(M˜∞), η∞). Then for x = Φ¯
−1
∞ (p), Br(p, η∞) is isometric to Br(x, d∞) as a length space. As
a consequence, we have x ∈ R. Thus (4.31) is true.
TIAN’S PARTIAL C0-ESTIMATE IMPLIES HAMILTON-TIAN’S CONJECTURE 13
By (4.31) and the homomorphism Φ¯∞, we have
Sing(X, d∞) = Φ¯
−1
∞ (Sing(M˜∞)) ⊂ S2n−2,
where Sk is the stratification of Sing(X, d∞) in [9]. It remains to show that
S2n−2 \ S2n−4 = ∅.(4.32)
Note that S2n−3 \ S2n−4 = ∅ [6]. By definition, for any x ∈ S2n−2 \S2n−4, there are two sequences
{ǫi} and {ri} to 0 such that r-distance ball Bx(ri) around x satisfies
distGH(Bx(ri), BV (o, ri)) ≤ riǫi,
where BV (o, r) is a r-ball of metric cone (V, o) splitting off R
2n−2. On the other hand, by Proposi-
tion 3.2 in [17], we know that there exists a small ball Bx(ri) such that Φ¯∞(Bx(ri)) ⊂ Reg(M˜∞).
In particular, Φ¯∞(x) ∈ Reg(M˜∞). Thus x ∈ R by (4.31) and the homomorphism Φ¯∞, and so
(4.32) must be true. As a sequence, Sing(X, d∞) = S2n−4. Hence, by Theorem 4.7 in [9], we prove
codim(Sing(X, d∞)) ≥ 4.

4.2. Proof of Theorem 1.1. We are ready to prove Theorem 1.1. First we prove the convergence
of ωti .
Lemma 4.8. Let ω∞ be the singular Ka¨hler-Ricci soliton on M˜∞ in Lemma 4.2. Then ωti (perhaps
after taking a subsequence) converges to σ∗0ω∞ on M˜∞ for some σ0 ∈ Autr(M˜∞).
Proof. As in the proof of Lemma 4.2, for any ǫ0 > 0, there is a sequence of si ∈ [−ǫ0, 0] such
that ((Φi · Ψiγ)−1)∗ωti+si converges to a Ka¨hler-Ricci soliton ω¯∞ on Reg(M˜∞) in C∞-topology.
Moreover, according to the proof of Proposition 4.3, ω¯∞ is a singular Ka¨hler-Ricci soliton on M˜∞
with ˆ
M˜∞
ω¯n∞ = V.(4.33)
Thus by the uniqueness result of Berndtsson for singular Ka¨hler-Ricci solitons [5], ω¯∞ = σ
∗ω∞ for
some σ ∈ Autr(M˜∞). Since ((ΦiΨiγ)−1)∗ωti+si is locally Ck-uniformly bounded, we see that there
exists a uniform constant C0 such that
dist(σ, Id) ≤ C0.(4.34)
On the other hand, by (3.7) together with (3.9), we have
‖ψ˙si ‖Ck,α(Ω˜iγ) ≤ Ck(γ), ∀ s ∈ [−
1
2
, 1].
Thus the Ka¨hler potential of ((ΦiΨ
i
γ)
−1)∗ωti+si and its derivatives with any orders are locally
uniformly continuous. Hence, by taking a diagonal subsequence of ωti+si with si → 0, we get from
(4.34),
lim
ik
((ΦikΨ
ik
γ )
−1)∗ωtik = limik
((ΦikΨ
ik
γ )
−1)∗ωtik+sik , ∀ Ωγ ⊂ M˜∞,
and ((ΦikΨ
ik
γ )
−1)∗ωtik+sik converges to σ
∗
0ω∞ for some σ0 ∈ Autr(M˜∞) on Reg(M˜∞) in C∞-
topology.

Proof of Theorem 1.1. The local C∞-convergence of ωti to ω∞ on Reg(M˜∞) follows from Lemma
4.8 with ω∞ replaced by σ
∗
0ω∞. In fact, there is a subsequence of i ( still denoted by i for simplicity)
such that
((ΦiΨ
i
γ)
−1)∗ωti → ω∞, on Reg(M˜∞),(4.35)
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as i, γ → ∞. Since (Reg(M˜∞), ω∞) is an open set of smooth part of the Gromov-Hausdroff limit
(M∞, ω
′
∞) of (M,ωti), the completion Reg(M˜∞) of (Reg(M˜∞), ω∞) is contained in (M∞, ω
′
∞). On
the other hand, by (4.13), we have ˆ
M˜∞
ωn∞ =
ˆ
M˜∞
ω˜n∞ = V.
Thus by (4.35), we get ˆ
(Φ−1i Ψ
i
γ)(Ωγ )
ωnti → V, as i, γ →∞.(4.36)
Suppose that
(Reg(M˜∞), ω∞) ⊂⊂ (M∞, ω′∞).(4.37)
Then there is an open set U ⊂ (M∞, ω′∞) such that
U ∩ (Reg(M˜∞), ω∞) = ∅.
Thus as in the proof of Corollary 4.7, there is a sequence of r-geodesic balls Br(ωti) ⊂ (M,ωti)
such that
lim
i
ˆ
M˜i\Br(ωti )
ωnti = V.
However, by the Perelaman’s non-collapsed property in Lemma 2.6-1), we have
volωti (M˜i \Br(ωti)) ≤ V − cr2n.(4.38)
Therefore, we obtain a contradiction from the above two relations and prove that
(Reg(M˜∞, ω∞)) = (M∞, ω
′
∞).(4.39)
In case that ω∞ is a singular Ka¨hler-Einstein metric on M˜∞, by the relation (4.25), we get
Ric(η∞) = ω∞ = Ric(ω∞), on Reg(M˜∞).
Moreover, both of η∞ and ω∞ are satisfied globally as a current in [ω˜∞] on M˜∞ by the following
complex Monge-Ampe`re equation,
ηn∞ = ω
n
∞ = e
f ω˜n∞,
where ef is a Lp-function (p > 1) with respect to ω˜∞. Thus by the uniqueness of solutions of
complex Monge-Ampe`re equation [3, 13],
ω∞ = η∞, on M˜∞.
Hence, by (4.30) and (4.39), we prove
(M∞, ω
′
∞) = (Reg(M˜∞), ω∞) = (X, d∞).(4.40)
By Proposition 4.7, we also get
codim(Sing(M∞, ω
′
∞)) ≥ 4.(4.41)
By (2.27) and (2.25), it is easy to see that the potential ψ∞ of ω∞ can be extended to a
continuous function on (M∞, ω
′
∞). Thus by Proposition 4.7 together with (4.40), the extended ψ∞
is also a continuous function on M˜∞. The proof is complete.

Remark 4.9. By Theorem 1.1, the Gromov-Hausdorff limit (M∞, ω
′
∞) of ωti is a Ka¨hler-Ricci
soliton on the open set Reg(M˜∞). Moreover, if ω
′
∞ is a Ka¨hler-Einstein metric on Reg(M˜∞),
Sing(M∞, ω
′
∞) = Sing(M˜∞, ω˜∞) and codim(Sing(M∞, ω
′
∞)) ≥ 4.
It is still unknown whether the Hausdroff measure of codimension 4 of Sing(M∞, ω
′
∞) is finite or
not.
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Remark 4.10. By (4.39), we introduce the relative volume of any set U in (M∞, ω
′
∞) by
vol(U) =
ˆ
Reg(M˜∞)∩U
(ω′∞)
n.
Then by the local convergence of ωti , it is easy to see that for any
(Ui, ωti)→ (U, ω′∞)
in Gromov-Hausdroff topology, it holds
volωti (Ui)→ vol(U).(4.42)
The relation (4.42) will be used in Subsection 4.3.
4.3. Proof of Corollary 1.2. Recall the Mabuchi K-energy,
µ(ϕ) = − n
V
ˆ 1
0
ˆ
M
ψ˙(R(ωψ)− n)ωnψ ∧ dt,
where ψ = ψt (0 ≤ t ≤ 1) is a path of Ka¨hler potentials in 2πc1(M) connecting 0 to ϕ. In case
that µ(·) is bounded below, it was proved that ft in (4.6) satisfies [37, Proposition 4.2],
‖ft‖C0(M) → 0, as t→∞.(4.43)
Definition 4.11 ([29]). Let M be a Fano manifold. Denote FM (v) to be Ding-Tian’s generalized
Futaki-invariant for C∗-action G0 induced by v ∈ sl(N +1,C) with a Q-Fano variety as its center
fiber. M is called
i) K-semistability if FM (v) ≥ 0 for any v;
ii) K-stability if FM (v) > 0 for any v;
iii) K-polystability if FM (v) ≥ 0 for any v and ” = ” holds if and only if v lies in the Lie algebra
of Aut(M).
Proof of Corollary 1.2. By the stability theorem [42], it suffices to prove that there are sequences of
{ωti} in (1.1) and automorphisms Ψi in Aut(M) such that Ψ∗iωti converges smoothly to a Ka¨hler-
Einstein metric on M . However, By Theorem 1.1, any sequences {ωti} (perhaps after taking a
subsequence) converges to a singular Ka¨hler-Ricci soliton ω∞ on a Q-Fano variety M˜∞ with klt-
singularities. By Lemma 4.2, together with (4.9) and (4.43), we see that ω∞ is in fact a singular
Ka¨hler-Einstein metric on M˜∞. Thus by Tian’s generalized Matsushima theorem [31], M˜∞ must
be reductive. As a consequence, by a well-known GIT result in algebraic geometry, there exists
a C∗-action G0 = {σt(v)} ⊂ SL(N + 1,C) such that σt(v) degenerates to M˜∞ as t → ∞. Since
M˜∞ is a Ka¨hler-Einstein variety, Ding-Tian’s generalized Futaki-invariant FM (v) will vanish for
the action G0 [12].
We claim that M˜∞ is biholomorphic to M . Then by the regularity of singular Ka¨hler-Einstein
metrics (cf. [15, 4]), ω∞ is in fact a smooth Ka¨hler-Einstein manifold on M and the corollary
follows. On contrary, the C∗-action G0 will be nontrivial, i.e, G0 is not a one-parameter subgroup
in Aut(M). Thus by the condition of K-stability, we have
FM (v) > 0.
But this is impossible! Corollary 1.2 is proved.

4.4. Computation of L(g). In this subsection, we give another application of Theorem 1.1 to
the computation of energy level L(g) of Perelman’s entropy along a Ka¨hler-Ricci flow.
Definition 4.12 ([35]). Let (M,ωt) be a Ka¨hler-Ricci flow in (1.1) with initial metric ω0 = ωg.
The energy level L(g) of entropy λ(·) for (M,ωt) is defined by
L(g) = lim
t→∞
λ(gt).
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By the monotonicity of λ(gt), we see that L(g) exists and it is finite. We shall give an explicit
computation of L(g).
By (4.11), h∞ is a potential of holomorphic vector field v. As in (4.18), we write it by θv. Then
by the estimate (4.6) in Lemma 4.1, we have
‖θv‖C0 + ‖∇θv‖ω∞ + ‖△ω∞θv‖C0 ≤ C.(4.44)
We will normalize it by ˆ
M˜∞
eθvωn∞ =
ˆ
M
ωn0 = V.
We recall a notation in [37] by
Nv(ω∞) =
ˆ
M˜∞
θve
θvωn∞.
By Jensen’s inequality, it is easy to see that
Nv(ω∞) ≥ 0
and ” = ” holds if and only if v = 0.
Lemma 4.13. Let (ω∞, v) be a singular Ka¨hler-Ricci soliton limit of (1.1) with an initial metric
ωg in Lemma 4.1. Then
L(g) = (2π)−n[nV −Nv(ω∞)].(4.45)
Proof. We note by (4.44) that
W(ω∞,−θv) = (2π)−n
ˆ
M˜∞
(R(ω∞) + |∇θv|2 − θv)eθvωn∞
is well-defined, where R(ω∞) = n+△ω∞θv. By stoke’s formula,ˆ
M˜∞
(∆θv + |∇θv|2)eθvωn∞ = 0.
Thus
W(ω∞,−θv) = (2π)−n[nV −Nv(g)].
On the other hand, by (4.8) together with the relation (4.42), it is easy to see that
lim
ti
λ(gti) =W(ω∞,−θv).
Hence by the monotonicity of λ(gt), we get (4.45).

The following proposition give a weak rigidity for the limit of Ka¨hler-Ricci flow (1.1).
Proposition 4.14. Let (M,ωt) be a Ka¨hler-Ricci flow (1.1) with an initial metric ωg. Then the
following two statements are true.
1) There is a sequence of (M,ωt) such that the limit is a singular Ka¨hler-Einstein metric (or
Ka¨hler-Ricci soliton) in the Hamilton-Tian conjecture if and only if any limit in (M,ωt) is a
singular Ka¨hler-Einstein metric (or Ka¨hler-Ricci soliton).
2) If there is a sequence of (M,ωt) such that the limit is a singular Ka¨hler-Einstein metric in
the Hamilton-Tian conjecture, then
sup{λ(g′)| ωg′ ∈ 2πc1(M,J)} = (2π)−nV.(4.46)
Proof. 1). By Theorem 1.1, any sequence {ωti} (perhaps after taking a subsequence) in (M,ωt)
converges to a singular Ka¨hler-Ricci soliton (ω∞, v) on a Q-Fano variety M˜∞ with klt-singularities.
By (4.45) in Lemma 4.13, L(g) is independent of choice of sequences. In other words, Nv(ω∞) is
independent of limit ω∞. Moreover, Nv(ω∞) = 0 if and only if ω∞ is a singular Ka¨hler-Einstein
metric. Hence, 1) is true.
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2). In case that there is a limit of singular Ka¨hler-Einstein metric (M∞, ω∞) for some sequence
of (M,ωt), by Lemma 4.13,
lim
t
λ(gt) = (2π)
−nV.
Note that
λ(g′) ≤ W(ωg′ , 0) = (2π)−nV, ∀ ωg′ ∈ 2πc1(M,J).
Thus we get (4.46) immediately.
Based on Proposition 4.14, we propose the following conjecture.
Conjecture 4.15. A Fano manifold is K-semistable if and only if (4.46) holds.
Conjecture 4.15 gives an analytic character for a K-semistable Fano manifold in terms of Pere-
laman’s entropy. We note that the necessary part is true according to the proof in Corollary 1.2
since the K semi-stability is equivalent to the lower bound of K-energy by a theorem of Li-Sun
[17].

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